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1. INTRODUCTION 
The groups of the title were first characterized by Janko [S] in terms 
of the centralizer of a central involution. If there are two classes of involutions, 
the group is the Hall- Janko group of order 604,800 = 2’ . 33 * 52 * 7. It was 
first constructed by M. Hall, Jr. and we denote it by J2 . Otherwise 
there is only one class of involutions and the group is of order 
50,232,960 = 27 * 35 . 5 * 17 * 19. This group was first constructed by G. 
Higman and J. McKay. We denote it by J3 . The existence and uniqueness 
of these groups is discussed for J2 in [5] and for J3 in [6]. Because the 
centralizers of a central involution are isomorphic, it is natural to consider 
both groups together in determining the 2-parts of the multipliers. 
Our main result is that the multiplier of J2 has order 2 and that of J3 has 
order 3. A consequence is that I3 has a projective (complex) representation 
of degree 18. For I2 a covering group was constructed by Lindsey [9] in 
terms of a six-dimensional complex representation. He has also found its 
character table. Our initial motivation was the investigation of J3 which 
contains no subgroup of index less than 6156 and has no ordinary represen- 
tation of degree less than 85. A low-dimensional representation is therefore of 
significance. It is known [6] that PSL(2, 17), PSL(2, 19) and SL*(2, 16) 
(an extension of SL(2, 16) by an automorphism of order two) are maximal 
subgroups of J3. Examination of the character tables of I3 and these 
subgroups suggests the possibility of a projective character of J3 of degree 18. 
Such a character exists and we give the character table of the covering 
group. 
Multipliers of finite groups were first studied by Schur. References to 
* Research was partially supported by NSF grant GP13626 and ONR contract 
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the literature may be found in [7-V-Sets. 23-251 and [3]. In [7] the basic 
results are stated and proved. By a covering of a group G we mean a group G* 
with a subgroup A in the centre of G* such that C?*/A g G. A covering is 
called proper if (G*)’ I A; otherwise it is improper. For any finite group G 
there is a maximal proper covering G *. The group A in the centre of G* is 
unique and is called the multiplier of G. In cohomological terms, this is 
EP(G, C*) where the action of G on C* is trivial [7-V-Sec. 23.11. The group 
G* may not be unique but (G*)’ is unique [7-V-Sec. 23.61. If G is perfect 
then G* is unique. 
2. THE SYLOW ~-NORMALIZER OF J3 
We first determine the structure of a Sylow 3-normalizer of J3 from [S]. 
Let P be a Sylow 3-group of _I, . By [8, Lemma 5.41 the centre W = Z(P) 
of P is elementary abelian of order 9. Also, all non-trivial elements of W have 
P as their centralizer. There is an element Q of P of order 3 such that 
Y = (Q, W) is elementary abelian of order 27 and C,(Q) = V. In particular 
V is self-centralizing. The elements in V-W are fused in N(P) as are the 
non-trivial elements of W. By [8, p. 561 the elements of P-V are all of order 9 
and P’ = v. Therefore I/’ is the Frattini subgroup. Also, P is 3-normal 
[7-IV-Sec. 3.11. 
We see that P/V is elementary abelian of order 9 and so by [7-III-Sec. 3.21 
P is generated by two elements not in V. Let P = (a, 6). As a and b are 
in P - V, they have order 9. Let c = b-1be E P’ (=V). If c is in W, then 
a3 and b3 are in the centre hence P has order at most 81. This shows that 
c E V - Wand V = (c, W>. As W is in the centre of P we have the relations 
ca = cw 13 Cb = cw.2 , (2.1) 
where wi , ws E W. Because V is self-centralizing it follows that (wi , wa) = W. 
Now (a3)6 = a3 E V and so a3 E W. Similarly b3 E W. As a and b have order 9, 
a3 and b3 E W - (1). 
We now use the fact that P has an automorphism of order 8 which acts 
fixed-point freely on W. As there is one non-trivial element u3 of W which 
is the cube of an element in P, all elements of W - {I} must be cubes of 
elements in P. Our relations show that the elements xv cube to x3 for any 
x E P - V, v E V. There are 27.8 elements of order 9 in P - V and so the 
only elements in P which cube to x3 are the elements m. As P = (a, b), it 
follows that W = (a3, b3). The elements w1 and wa can be expressed in 
terms of us and b3. 
The possibilities for wi and wa can now be examined. There are at first 
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sight 48 possible pairs of generators for W. However we find by routine 
computations that only the following three satisfy our conditions. 
(9 ca = cb3, 19 = ca6 
(ii) ca = ca3b6, cb = ca3b3, (2.2) 
(iii) ca = ca6b6, cb = ca3b6. 
Full details will not be given but a sample computation follows. We need 
a3, b3, (ab)3, and (ab-1)3 to generate the four proper subgroups of W. Using 
commutator relations we have 
(ab)3 = a3b3w,wz2 and (ab-1)3 = a3b6w,2w22. (2.3) 
Suppose that ca = ca3b3, cb = tbs. Then (ab)3 = a3b3a3b3b3 = a6 and 
(ab-1)3 = a3b6a6b6b3 = bs. We find that (a3) = ((ab)3) and also (b3) = 
((ab-1)3) and so this case cannot occur. 
We are left with the cases (i), (ii) and (iii). In a group satisfying the relations 
(i), the elements ab and b satisfy the relations (ii) with a replaced by ab and b 
left fixed. Similarly the elements ab2 and b satisfy the relations (iii) with a 
replaced by ab2 and b left fixed. This means that the three groups of order 35 
satisfying relations (i), (ii), and (iii) respectively are isomorphic as we may 
regard the three sets of relations as defining the same group with respect to 
different generators. We shall take relations (i) to be canonical relations for P. 
We have proved the lemma: 
LEMMA 2.1. The Sylow 3-group of J3 is generated by a and b and has 
dejking relations 
a9 = b9 = ~3 = 1, b” = bc, cb = ca6, ca = cb3, (63)” = b3, (a”)” = 03, 
(ab)3 = a6b6 and (ab-1)3 = a6b3. 
We now determine the Sylow 3-normalizer of J3 by examining the action 
of an element d E N(P) of order 8. The action is faithful on the Frattini 
factor group which is 2, x 2, . Generators of the three subgroups of order 8 
in GL(2, 3) are (! i), (i -t), (-: 1:). We take aV = (1,O) and bV = (0, 1) 
as a basis for P/V. Computing the action on (a3, b3) = W with basis 
a3 = (1,0) and b3 = (0, 1) we find the three possible generators give 
(-y -:), (-y i) and (-: i). Only the last matrix is of order 8 and so the action 
of d on P/V is (j 1:). This means that ad = a-lb-%, and bd = ab-k,, . 
The action on a3 and b3 must then be (2)” = a3b3 and (b3)d = a6b3. 
We show that by appropriate choice of a and b we may assume that 
ad = a-lb-1 and bd = ab-I. Note first that the defining relations for P are 
unchanged if we replace b by bv for any v E V. Here c may have to be replaced 
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by cw for some w E W. This follows either by direct computation or by the 
uniqueness conditions (2.2). If ad = a-lb-lv, , replace a;% by b. This 
replaces b-b, by b-l . We now have the relations ad = a-lb-l, bd = ab-% 
where z E V. We first show that z E W and then that by replacing a and b 
appropriately z can be taken to be the identity. 
By [8, Lemma 5.21, it follows that d inverts some element of V - W. In 
N(P) the elements of V - W are all conjugate and so, by replacing d by a 
conjugate, we can assume that a given conjugate of c is inverted. When this 
is done the action of d is determined on (c, a, W). Coset enumeration 
shows that the group (a, 6, c, d) given by defining relations of lemma 2.1 and 
&’ = 1, ad = a-lb-l, bd = &l 
has order 35.8. Note that d inverts b&l. Any action must therefore agree with 
the action of d given here on (a, c, b3). Call this action 01 and define p 
by the action a -+ u-lb-l, b -+ ub-lx. Assume that the same conjugate of c is 
inverted. Then 
/Plx(u) = a, p-k(b) = fi-l(ab-l) = @l(ub-lx) /3-1(x-1) = b/F(+), 
p-h(b-lb”) = ,Fcx(c) = c 
= ,6-‘(z) b-l(bfi-l(z-I)) 
= Cp(Z)(p-‘(z-l)>a. (2.3) 
This means that (fl-l(~))~ = ~-‘(.a) and so z E W. 
We now replace a by uv, and b by bv, with v1 , va E W so that the action 
of /3 becomes that of 0~. To do this we require that 
uv 
1 
+ a-lb-lv,B = (uv,)-l(bv,)-1 = u-lb-Iv-b-1 
12 
and 
bv 2 -+ ub-lv % 2 = ub-lv v-1 12. 
We need then vt = v;‘v;l and v&a = vrv$. We have vf2 = v;%@ = 
-5 -1 -,e -1 Vl VZVl z = Vl v, 211 VI z = v,b,z so Vl 82-8-1 = z. As /F - p - 1 acting 
01 W;as the matrix (y -3 - (-: :) - (t y) = (-: i), we see v~‘-@-~ = vf. 
Now choose or = zF1 and va = v’;l-a. We have proved the lemma: 
LEMMA 2.2. The Sylow 3-normalizer of J3 is the semi-direct product of P 
us given in lemma 2.1 and the automorphism which maps a ---f a-lb-1 and 
b - ab-l. DeJining relations for N(P) are 
~9=/$‘=~3zd~=l, ba=bc, @x&3, cb=&, ($)b=$, 
(b3)a = b3, ad = a-lb-l, bd = &1. 
&I/17/2-8 
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3. THE ~-PART OF THE MULTIPLIER OF J8 
In this section we show that the 3-part of the multiplier of J3 is 2, . By 
the results of Swan [lo, Cor. p. 3461, the 3-part of the multiplier of J3 is 
isomorphic to the 3-part of the multiplier of N(Z(P)) as the Sylow 3-group P 
is 3-normal. However, it follows from [8, Lemma 5.41 that N(Z(P)) = N(P). 
It is sufficient to exhibit a non-splitting central extension of 2, by N(P) to 
ensure the existence of a non-splitting central extension of 2, by J3. 
It is found by coset enumeration that the following group is such an 
extension. 
cb = c&y, (b3)a = b3y, (a”)” = a3y2, 
ud = u-lb-l, bd = ub-l, [y, a] = [y, b] = [y, d] = 1. 
(3.1) 
Some of these relations are redundant. 
This shows that the 3-part of the multiplier is of order at least 3. We show 
now that it is not larger than 3. The proof uses the result and the techniques of 
[4, Satz 2.31. We note first that P itself is a non-splitting central extension of 
W by PI W. By [8, Satz 3. l] the multiplier of P/W has order at most 9 as P/W 
is a non-abelian group of order 27. In particular, P is a maximal proper 
covering group of P/W. 
Now let P* be any proper covering group of P which lifts to N(P). 
Suppose an element w in the inverse image of W is in Z(P*). As P has an 
automorphism acting transitively on W, the inverse image of W is in .Z(P*). 
But now P* is a proper covering of P/W and so P* = P as P is a maximal 
proper covering. This shows that in any proper cover of N(P), the elements 
lifting to Ware not central. 
Suppose now P has a proper cover with centre of order nine which lifts 
to N(P). The group P* will be generated by two elements. Let a3 be the cube 
of one of them. Now u3 is in the inverse image of W and so is in the second 
centre 2, of P*. Consequently, as in [4, Satz 2.3, Sec. 31 the map I/J : h -+ [h, a31 
for h E P* is a homomorphism of P* + Z(P*) with (P*)’ C ker #. Also, 
a E ker Z/J. 
This means IJ has kernel ((P*)‘, a) of index 3 in P*. The kernel is not P* 
as u3 6 Z(P*). It is clear that the image N of # in Z(P*) has order at most 3 
and so is a proper subgroup of Z(P*). Now N(P*)/N is still a proper cover of 
N(P). However, u3 is in the centre of P*/N providing a contradiction. 
We have proved the following lemma. 
LEMMA 3.1. The 3-part of the multiplin of J3 is of order 3. 
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4. THE TRIVIALITY OF THE ~-PART OF THE MULTIPLIER OF Jzl 
In this section we show that the 2-part of the multiplier of 1s is trivial. 
Let Ja* be a proper covering over a centre of order two. Since there is only 
one class of involutions in J3 and since the Sylow 2-group is neither cyclic 
nor dihedral, these involutions must lift to involutions in Ia*. Let H* be the 
lifting of the centralizer of an involution z in Ja . Let H be H*/(y) where y 
is a generator of the centre of J3 *. The group H is described in detail in 
[8, Sec. 41. Let E 4 H be the normal subgroup isomorphic to the central 
product of Qs and D, . We show that H* is not a proper covering of H which 
shows that J3* is not a proper covering of J3 by [7-I-Sec. 16.211. Let A* be 
the inverse image of an A, in H* [8, Lemma 2.131. 
By [7-V-Sec. 25.71, A, has no proper covering over a centre of order two 
in which the involutions lift to involutions. Therefore A* g A x (y) where 
A E A, . This shows A, splits over E *. Clearly T = (z, y) is a four-group 
normal in H. Let C = C(T) u H*. Now H*/C is represented on T and so 
A 1 C. Also, A, acts irreducibly on E*/T. Clearly (C n E*)/T is an invariant 
subspace and so C n E* = E*. This shows C = H* and so T is in the 
centre of H*. 
We now examine E*. As J3 has one conjugate class of elements of order 
four, J3* has at most two classes of order four with representatives z, and vy 
where w(y)/(y) is an element of order four in J3 . Each class squares to the 
class of rP which we can assume is represented by z. This means that the 
squares in E* generate (z). In particular E*/(z) is abelian of exponent two 
and so E* s (y) x E. 
The representation of A on E*/(z) has two constituents, one trivial on 
T/(z) the other irreducible of degree four. As a 3-element in A, fixes two 
points in E*/T by [S, Sec. 41, this four-dimensional constituent is absolutely 
irreducible and so a principal indecomposable. This means the representation 
is completely reducible by [I]. In particular, E* g (y) x E and the 
covering is not proper. This shows the 2-part of the multiplier of J3 is trivial. 
LEMMA 4.1. The 2-part of the multiplier of J3 is trivial. 
5. THE CHARACTER TABLE OF J3* 
We present a character table of the non-splitting central extension Js*, of 
2, by J3 at the end of this paper. By [7-V-Sec. 23.61 any two non-splitting 
central extensions of 2s by J3 are isomorphic. Also, as (N(P))’ = P, the Sylow 
3-group of any non-splitting extension of 2, by N(P) is isomorphic to the 
Sylow 3-group P* of the group given by (3.1). 
1 This has been proved independently by N. Burgoyne. 
268 MCKAY AND WALES 
The character table can be obtained in various ways. We use the Brauer- 
Tate theorem [2] to justify the character $r of degree 18. The remaining 
characters can be obtained taking skew and symmetric tensor products of #r 
and products of #r with characters faithful on Js . Alternatively, these too 
can be justified using the Brauer-Tate theorem [2] or other standard methods. 
Our notation and format are chosen to conform with that of Janko [8, p. 611. 
We check directly that the norm of ~,6r is 1. To show that & is a character 
it is necessary to show only that #r is a sum of characters when restricted to the 
elementary subgroups. Let y be an element in the centre. The maximal ele- 
mentary subgroups containing a 17-or a 19-element are Z,, x 2s or Z,, x 2,. 
In each case I& restricted to these subgroups is a sum of characters. If an 
elementary subgroup contains an element of order two it is contained in the 
centralizer of an involution, H of order 1920 . 3. The centre (y) must split 
from this by [7-V-Sec. 25.31. The centralizer is then H x (y). The character 
table of H is given in [8-Sec. 41. Now $r 1 H x (y) is (x, + xra) . v where 
x7 and xl3 are given in [8-Sec. 41 and v(y) = w = ezni13. This shows that 
#r 1 H x (y) is a sum of characters. We need therefore consider only 
elementary subgroups with the primes 3 and 5 in their order. If there is a 5 
in the order, a maximal elementary subgroup of this type must be 
2, x 2, x 2, . A non-central element of order 3 is represented by c. The 
restriction is a sum of characters. The only remaining elementary subgroup 
is that of a Sylow 3-group. This is considered below. 
Suppose P* is a Sylow 3-group of J3* (see (3.1)). There are six characters 
of P* faithful on the centre all of degree nine. They take the value zero on 
P* - V(Y) and W(Y) - (Y). 
Three of the characters take the value 9w on y. Call these x1 , xa and x3 . 
The characters are given by the following table. Here w = ezrri13. 
Element 1 y y2 c CY cy2 a3 a a4 a7 
x1 9 9w 9w2 -3 -3w -3w2 0 0 0 0 
x2 9 9w 9w2 -3w2 -3 -3w 0 00 0 
x3 9 9w 9w2 -3w -3w2 -3 0 00 0 
It is seen that #r restricted to the Sylow 3-group is x2 + x3 . 
We have shown that #r is a character. 
6. THE MULTIPLIER OF J2 
In this section we show that the multiplier of J2 has order at most two. 
A proper covering group over a centre of order two has been explicitly 
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constructed by Lindsey [9]. He has also computed the character table. 
Alternatively, the existence of the covering group can be inferred from the 
existence of J2 as a section in Conway’s group. 
The only primes needing consideration are 2, 3, 5. The Sylow 3-normalizer 
has trivial multiplier as can be checked directly. For example, it is the same 
as the 3-normalizer in U,(3). A less direct method is to utilize the structure 
of C(T) as given in [5, Lemma 6.51. This is a non-splitting central extension 
of 2, by A,. As A, has a multiplier of order 6, [7-V-Sec. 25.71, the 3-part of 
the multiplier of C(T) is trivial. This shows the 3-part of the multiplier of Js 
is also trivial. 
The 5-part of the multiplier is trivial as follows. The Sylow 5-normalizer 
has an element 7 of order two which, with respect to an appropriate basis, 
acts as (-i y). As this matrix is not unimodular, the multiplier is trivial. 
Specifically, a covering of N(P) would have to be non-abelian by Burnside’s 
theorem [7-IV-Sec. 2.61. Here P is a Sylow 5-group. Let 2 be the centre of P, 
Let <r , 5, be elements of P such that 5, and 5, are a basis of P/Z = P such 
that 7 acts on P/Z as (-t !). As <r , 1% have order 5 or 25 and 7 has order 2, 
Cl7 = 6;‘, L7 = C2 . Now K, &I E Z and so [t’, Ll = [5, , 5$ = 
[[i7, <aTI = [c;‘, [a]. This means ~;l~;l~l~a = &i${;i{a and so &l&a = 
[r2[$. But this implies P is abelian. 
We are left with the 2-part of the multiplier. Suppose Jz* is a proper 
covering of J2 with centre of order two. Let 7 be an involution in the centre of 
a Sylow 2-group of Jz . Let u be a representative of the other class of 
involutions [8]. Let U be a subgroup isomorphic to U,(3) of order 6048 
[5, Sec. 151. The involutions in U are all conjugate to 7 by [5, Sec. 161. As the 
Sylow 2-group of U is not dihedral or cyclic, the class containing 7 lifts 
in Jz* to involutions. If the class containing 0 also lifts to involutions, 
the argument given for J3 (Sec. 4) shows that J2* is not a proper covering. 
This shows that the conjugates of u lift to elements of order four. 
Suppose Jz* is a proper covering of Jz with centre V z Z, x Z, . By 
the above paragraph one of the involutions v in V is the square of the lifted 
representative u. Now in Jz*/(v) all involutions lift to involutions and by 
the above paragraph the covering is not proper. This shows the 2-part of the 
multiplier is cyclic. 
Finally, we assume Jz* . 1s a proper covering of Jz by Z, . If we show this is 
impossible we will be done. Let p generate the centre. As Jz*/($) is a proper 
cover of Jz* we know that (5 lifts to an element of order 4 whose square is 
p(mod ,~a). In J,* then, u lifts to an element of order 8. Let A* be the inverse 
image of a subgroup isomorphic to A, . By [7-V-Sec. 25.71 A* g A x (p) 
where A z A, . Now, by [5, p. 4351, C(17,) s Z, x A, x (p) with 
the involutions in C(ni) conjugate to u (J1 in the notation of [5]). This 
shows u lifts to an element of order 2 providing a contradiction. We have 
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proved that the multiplier of I2 has order two and proved the following 
theorem: 
THEOREM. The Schur multipliers of Jz , J3 are 2, , 2, respectively. 
7. PRESENTATIONS OF THE COVERING GROUPS 
Generators and relations for the unique proper covering group Jz* of 
J2 are found to be the following: 
a3 = b3 = c3 = 1 , aba = bab, cb% = bacba, cabc = abcab, 
(ca)5z = (~b)~.z = (ca-1ca)2z = (~b-~cb)~z = z2 = 1, 
[z, a] = [z, b] = [z, c] = 1. 
The centralizer of a central involution in J2 = (a, c, cb). The subgroup 
(a, b, b0a-l~) can be identified with U,(3). 
To obtain generators and relations for the proper covering group J3* of J3 
we note the following facts. Any inverse image of SL*(2, 16) is isomorphic 
to SL*(2, 16) x 2, . Elements of order three in J3 are of order three in J3*. 
Any group generated by two involutions is dihedral and so cannot contain the 
centre of J3*. Using the above facts, we deduce that J3* has the presentation2 
with centre y; 
a2 = ~3 = @5 = (ac)3 = (bc)3 = &b-4& = 1 
s2 = t2 = (sa)2 = (sc)2 = (at)2 = (bt)3 = b5tk5t = sbsZr4 = 
(~t)~s = (l~~st)~ = (b-2~tb4~t)2 = b2tb-labt!r2a = 1. 
b-2ab-3ctab2ctb3ab3ctactb7ab4cty = y3 = 1, 
y centralizes a, b, c, s, t. Notice that these relations differ from [6, Sec. 41 
only in the last line. 
8. THE CHARACTER TABLE 
Each row (excepting the last four) denotes three classes in J3*. Characters 
for the two additional classes are obtained from those given by multi- 
plication by the primitive cube roots of unity. A bar above a degree 
denotes a character and its conjugate. The notation for the elements is that 
of Janko [8, Sec. 61. 
The characters are found from the character #1 of degree 18 by splitting 
$I * #I into its symmetric and skew-symmetric parts and forming products 
of & with these and irreducible characters of J3 . The table is completed 
using standard techniques. 
a J. Cannon has verified this by enumerating 18,468 cosets. 
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-1 
1 
0 
-1 
1 
0 
1 
-1 
-1 
1 
-1 
-1 
-1 
0 
0 
-1 
0 
0 
0 
-1 
0 
0 
-1 
0 
6 
9 
-6 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
#
 
A
2 
11 
3060 
3078 
20 
-10 
-4 
2 
0 
0 
-1 
-1 
-1 
-1 
0 
-2 
0 
-2 
0 
0 
0 
0 
0 
1 
0 
1 
0 
1 
0 
1 
1 
0 
1 
0 
15 
-9 
0 
0 
0 
0 
0 
0 
0 
0 
5 =
 
4(-l 
+
 
d5, 
a =
 
4(-l 
+
 
2/17), 
B
 =
 4(-l 
+
 
G
-G
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